In this paper, we study the existence of solutions for the following nonhomogeneous Schrödinger-Poisson systems:
Introduction
The following Schrödinger-Poisson system:
arises in several interesting physical contexts. It is well known that (.) has a strong physical meaning since it appears in quantum mechanical models (see [, ] ) and in semiconductor theory (see [-] ). From the point view of quantum mechanics, the system (.) describes the mutual interactions of many particles [] . Indeed, if the terms f (x, u) and g(x) are replaced with , then problem (.) becomes the Schrödinger-Poisson system. In some recent work (see [-] ), different nonlinearities are added to the Schrödinger-Poisson equation, giving rise to the so-called nonlinear Schrödinger-Poisson system. These nonlinear terms have been traditionally used in the Schrödinger equation to model the interaction among particles.
Many mathematicians have devoted their efforts to the study of (.) with various nonlinearities f (x, u). We recall some of them as follows.
The case of g ≡ , that is, the homogeneous case, has been studied widely in [, , , -]. In , Cerami and Vaira [] study system (.) in the case of f (x, u) = a(x)|u| p- u with  < p <  and a(x) > . In order to recover the compactness of the embedding of Motivated by the work mentioned above, in the present paper, we first handle the sublinear case, and hence make the following assumptions:
where meas denotes the Lebesgue measures;
Before stating our main result, we give several notations. Let H  (R  ) be the usual Sobolev space endowed with the standard scalar and norm
Then E is a Hilbert space with the inner product
Throughout this paper, the letters C i , d i will be used to denote various positive constants which may vary from line to line and are not essential to the problem. We denote by ' ' weak convergence and by '→' strong convergence. Also if we take a subsequence of a sequence {u n }, we shall denote it again {u n }. We use o() to denote any quantity which tends to zero when n → ∞. Now we state our main result.
Theorem . (Sublinear) Assume that (V  ), (V  ), (K), (F), and (G) are satisfied. Then problem (.) possesses at least one nontrivial solution.
Remark  It is not difficult to see that a function f satisfies our assumption (F). For example, let
where >  small enough and σ ∈ ( + , ).
Remark  To the best of our knowledge, it seems that Theorem . is the first result about the existence of solutions for the nonhomogeneous Schrödinger-Poisson equations with sublinear case.
In the second part of this paper, we deal with the following nonhomogeneous Schrö-dinger-Poisson system:
where  < q <  < p < , i.e. the nonlinearity of this problem may involve a combination of concave and convex terms. We assume that k(x) and h(x) are measurable functions satisfying the following conditions:
, and (G) hold, then problem (.) admits at least one nontrivial solution.
Remark  The condition in (V  ), which implies the compactness of embedding of the working space E and contains the coercivity condition, V (x) → ∞ as |x| → ∞, is first introduced by Bartsch and Wang in [] to overcome the lack of compactness. We are not sure whether Theorem . holds without the condition (V  ).
Remark  In []
, the author obtains the existence of multiple radially symmetric solutions on R  for (.). In our Theorem ., we do not need the radially symmetric on the potential V , so we get the non-radially symmetrical solution for system (.) with the concave and convex nonlinearities.
Remark  In order to get our results, we have to solve some difficulties. The main difficulty is the loss of compactness of the Sobolev embedding
since this problem is set on R  . To recover the difficulty, some references use the radially symmetric function space, which possesses a compact embedding; see [] . In our paper, we have the integrability of k and the assumption  < q <  to ensure the space E is compactly embedding in the weighted Lebesgue space (see the following Lemma .). 
Remark 

Nonlinear Schrödinger-Poisson equations with sublinear case
In this section, we consider the following nonhomogeneous Schrödinger-Poisson system:
, and f satisfies (F).
In Section , we know that the embedding
Furthermore, we have the following result.
By Lemma ., there exists d s >  such that
It is well known that problem (.) can be reduced to a single equation with a nonlocal term; see [] . In fact, for every u ∈ E, the Lax-Milgram theorem implies that there exists
, by (.), the Hölder inequality, and the Sobolev inequality, we get
Thus, there exists C  >  such that
Now we consider the functional I on (E, · E ):
by which, together with (.) and the Hölder inequality, we have
Therefore, ϕ and I are well defined. In addition, we need the following lemmas.
Lemma . ([], Lemma .) Assume that (V  ), (V  ), and (F) are satisfied and u n u in E, then
f (x, u n ) → f (x, u) in L  R  .
Lemma . ([], Lemma .) Assume that (V  ), (K), and (F) hold. Then ϕ ∈ C  (E, R) and
ϕ : E → E * (the dual space of E) is compact, and hence I ∈ C  (E, R),
We refer the reader to [] and [] for the details. Now we give a proposition, which will be applied to prove Theorem .. Recall that I ∈ C  (E, R) is said to satisfy the (PS)-condition if any sequence {u j } j∈N is bounded and I (u j ) →  as j → +∞, possesses a convergent subsequence in E.
Proposition . ([, ]) Let E be a real Banach space and I ∈ C  (E, R) satisfy the (PS)-
condition. If I is bounded from below, then c = inf E I is a critical value of I.
Lemma . Under the assumptions of Theorem ., I is bounded from below and satisfies the (PS)-condition.
Proof By (K), (G), and (.), it follows that
Noting that σ , γ ∈ (, ), we have
Thus I is bounded from below. Let {u n } ⊂ E be a (PS)-sequence of I, i.e. {I(u n )} is bounded and I (u n ) →  as n → +∞. By (.), {u n } is bounded, and then u n u in E for some u ∈ E. Recall that
By -φ u = K(x)u  and the Hölder inequality, we obtain
which implies that
That is, u n → u as n → ∞. Hence the (PS)-condition holds. The proof is complete.
Proof of Theorem . Theorem . holds directly by Lemma . and Proposition .. The proof is complete.
Nonlinear term involving a combination of concave and convex terms
where  < q <  < p < , i.e. the nonlinearity of this problem may involve a combination of concave and convex terms. It is known that problem (.) can be reduced to a single equation see [] . In fact, for every u ∈ E, the Lax-Milgram theorem implies that there exists a unique
By (.), the Hölder inequality, and the Sobolev inequality, we get
Therefore, problem (.) can be reduced to the following equation:
We introduce the functional J : E → R defined by
By (.) and the conditions of Theorem ., all the integrals in (.) are well defined and in C  (E, R). Now, it is easy to verify that the weak solutions of (.) correspond to the critical points of J : E → R with derivative given by
Lemma . Under the assumptions in Theorem ., the functional J is coercive on E.
Proof By (k), we have
For u E large enough, by (.) we obtain
since  < q < . The proof is complete.
Lemma . Assume that (V  ), (V  ), (k), (h), (G) hold, and {u n } ⊂ E is a bounded (PS)-sequence of J, then {u n } has a strongly convergent subsequence in E.
Proof Consider a sequence {u n } in E which satisfies
Going if necessary to a subsequence, we can assume that u n u in E. In view of Lemma ., u n → u in L s (R  ) for any s ∈ [,  * ). By the derivative of J, we easily obtain
It is clear that
By the Hölder inequality and the Sobolev inequality, we have
Similarly we can also obtain
By  < p < , (h), and the Hölder inequality, one has Similarly, we also obtain
Therefore, by (.)-(.), we get u n -u E → . The proof is complete.
Proof of Theorem . In view of Proposition . and Lemma ., we only need to check that {u n } is bounded in E,
for n large enough. Since g ∈ L  (R  ), it follows from  < q <  that {u n } is bounded in E.
The proof is complete.
